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Introduction
The analysis of beams and plates resting on an elastic foundation is considered a contact problem, and in both statics and dynamics is a highly topical subject of wide applicability, such as the foundations of buildings and bridges and most underground construction. This problem becomes complicated to solve when the more realistic elements are entered into the calculation, such as complex geometry, material anisotropy, and frictional forces. Foundation inertia, defined as the incorporation of the mass of the medium into the calculation of a structure's dynamic response, is an interesting problem, which strongly influences and complicates calculation. As such, the dynamic analysis of beams and plates in interaction with elastic media has not been to date completely solved, even by using a linear approach to the media's inertia. Improving existing calculation methods of these structures or proposing new methods holds the potential of pioneering safer and cheaper structures, as well as more reliable designs.
Considerable research has been advanced in this domain. The first work in transient wave propagation in elastic solids was established by Lamb [1] , later known as Lamb's problem. In this work, wave propagation generated at the surface of an isotropic, homogeneous, elastic half-space by the application of loads at the surface or inside the half-space was considered. This has subsequently been applied in earthquake engineering, geomechanics, foundation engineering, layered elastic half-spaces, general anisotropy, seismology and other complex problems, including several variants of Lamb's problem being of relevance to geodynamics, contact mechanics, elastodynamics, and ultrasonic nondestructive evaluation [2] . Reissner [3] first developed the analytical solution for a vertically loaded cylindrical disk on elastic half-space using Lamb's problem. Later, many investigators (e.g. Shekhter [4] and Bycroft [5] ) extended Reissner's solution to study different modes of vibrations within the framework of Lamb's problem. Using Eason's procedure for surface strip impulses, Guan and Novak [7] determined the transient response of an elastic, homogeneous half-space to instantaneously-applied, rectangular loading.
Shinozuka et al. [8] investigated the three-dimensional (3D) wave scattering phenomenon in a layered half-space considering lateral non-homogeneities. Their introduction of lateral nonhomogeneities into the earth medium model of a layered half-space resulted in both mathematical and physical complexities. Using the Cagniard-De Hoop method, Jin and Liu [9] obtained the exact solution for the horizontal displacement at the center of the surface of an elastic half-space under horizontal, impulse, punch loading that can be used to study the dynamic interaction between soil and structures using a transient Lamb's solution. An exact solution for the vertical displacement under a vertical, impulse loading with a punch-like distribution and for the horizontal displacement under horizontal, impulse punch loading were developed by Jin [10, 11] at the center of the surface of an elastic half-space. While Zhou et al. [12] obtained solutions that can be used to study a variety of transient, wave propagation problems and dynamic interaction between saturated soil and structures. Additionally, Pradhan et al. [13] found impedance functions presented in the form of simple dimensionless graphs, which may prove to be useful in understanding the harmonic response of foundations resting on layered soil under vertical excitation, and Gazetas [14] presented simple formulas for impedance functions, which can be readily used by practicing engineers.
Above is a sampling of the wide applicability and scope of research related to dynamics and elastic half-spaces. In this paper, a detailed study of Green's function (i.e. the displacements of the surface of a half-space with inertial properties due to the vertical load) is presented, and a new approach is created for the dynamic analysis in engineering applications. In addition, these solutions can be applied within the various numerical methods used in more complicated problems.
Problem approach
Herein a new approach is proposed to determine the natural frequencies, natural shape, and response to the external load for a beam on an elastic ground with inertial properties based on Lamb's problem [1] . The elastic ground is considered as a homogeneous and isotropic half-space with inertial properties. Moreover, the curvature of the half-space surface, damping, bending movements in the cross direction of the beam and the friction in the contact zone between the beam and the surface of the half-space are neglected. A beam with total mass m and bending rigidity EI resting on the surface of a half-space with inertial properties is considered under external, vertical excitation (Fig. 1) .
The proposed approach is based on the method of Zhemochkin and Sinitsyn [15] , in which the beam is divided into equal rectangular elements of size i c (length) and i b (width). Therefore, continuous contact between the beam and the surface of an elastic half-space is replaced by a discontinuous contact, which ensures a rigid, vertical liaison located in the center of each element ( fig. 2 ).
During the vibration, these liaisons become functions of time. To resolve this hyper static system (Fig. 2) , the mixed method of structural mechanics as introduced by Zhemochkin and Sinitsyn [15] is employed; details of this method are included Appendix 1. The system's unknowns are the liai-
, and angle of rotation ) ( 0 t ϕ of the beam at the embedding point (Fig. 3) . The inertia forces
vibrating masses are applied only on the beam as reaction efforts ) (t X i are applied on the beam and on the surface of a half-space (Fig. 3) .
The canonical equations according to Zhemochkin and Sinitsyn [15] take the form of eq. (1) 
The free vibration of a beam is supposed in the harmonic form, which can be expressed as eq. (2) 
where
Taking into account eq. (2), the system as shown in eq. (1) for free oscillations will take the form of 
where P is the harmonic load amplitude; ω the excitation frequency; and r the distance between the point, where the dynamic force is applied and the point where the displacement of elastic halfspace surface is determined.
According to Guenfoud et al. [16] , after simplifications eq. (4) becomes eq. (5)
. (5) where k is the s-wave wavelength
; ρ is the density of the half-space,
and 0 E and 0 ν elasticity modulus and Poisson's ratio of the half-space, respectively. Considering the external load:
and taking into account only the real part of eq. (5), then eq. (6) can be written ( ) ( )
The expressions of 21 I and 3 I are given in Appendix 2.
For application of the proposed approach, eq. (6) 
Here the expression is divided into the magnitude bc , as loading is considered uniformly distributed across a rectangular element with dimensions b and c . As many authors [e.g. 1, 3, 4] have noted, the basic complexity of this problem lies in the determination of the integral -defined, in this case by eq. (7). Therefore, the problem concerning the determination of the half-space surface displacements must still be solved. In this case as
, the point i coincides with the point j ( fig.   4 ), and thus eq. (7) is integrated over the area of the loaded element assuming a uniformly distributed load. This is shown in eq. (8) ( ) 
Here ( ) ( ) ( ) This allows consideration of singularity, which is observed as terms 
Equation 10 defines the displacements of the half-space surface with inertial properties, but gives a long and cumbersome expression. Furthermore, eq.s (9) and (10) 
Unfortunately, the problem remains unsolved since as the instability for large values of kr persists.
Subsequently, other variants of resolution using the angular point's method were applied.
According to Guenfoud et al. [16] , the displacements of the half-space surface with inertial properties due to the action of a uniformly distributed load on a rectangle element with dimensions b c × (Fig. 5) ( )
Representation of such approximations for ) ( 2 θ Φ and ) ( 4 θ Φ allows evaluation of eq. (12):
where [18] . Afterwards, the first integral in the eq. (12) after integration of θ can be represented in the form of eq. 14.
( ) )
is defined by the expressions in eq. 15 
Despite these significant efforts, the instability was not fully eliminated. After a number of numerical experiments, it was determined that the values of the hypergeometric functions argument must be introduced in the form of a natural fraction number and not in the form of a decimal number. By applying this modified approach, the instability vanishes as described in detail below.
Example
Using the following hypergeometric function: ( ) 
, here 3 21
Taking into account the preceding formulas defining the system parameters (3), the system can now be represented in the following matrix form of eq.s (17) and (18) 
[ ] 
where ij A are the matrix terms resulting from the mathematic transformation after the introduction of the preceding expressions of all parameters into the system (3). Thus, it is possible to show that the matrix is symmetric according to its main diagonal taking into account eq. (19) . ; Determination of the natural shapes of a beam resting on the surface of a half-space with inertial properties requires determination of the natural shape corresponding to each Eigenfrequency.
To achieve this value of the unit, the unknown 1 X in the system is defined (19) , the first equation is excluded, and the system is solved with 1 + n equations and 1 + n unknowns. Subsequently, the natural shapes of the beam are determined by the formula introduced by Zhemochkin and Sinitsyn [15] :
, for given discretization:
The application of these operations allows the determination of the beam's natural shapes for the first six forms
Comparison of results
Eigenfrequencies and natural shapes are necessary for the dynamic analysis of any structure.
Therefore, much about this problem has been widely reported in the literature, but no relevant case was found concerning the natural frequencies and natural shapes of a beam resting on the surface of a half-space with inertial properties (Lamb's problem). Therefore the comparison was made with the same beam resting on the surface of an elastic half-space with distributive properties (Boussinesq's problem). The difference between the two models (half-space with inertial properties and half-space with distributive properties) according to the proposed approach is presented in the parameter i v defining the half-space surface displacements. For the half-space with distributive properties, i v is determined by the following formula:
The same application allows the determination of the natural shapes of the beam resting on this type of foundation. For such a model, the first six forms were obtained as shown in fig. 10 and fig.   11 , where the first form is similar but the others differ. This distinction is also observed in the values of the Eigenfrequencies. This is explained by the influence of the half-space inertia on the dynamic analysis.
Response of a beam resting on the surface of a half-space with inertial properties due to the external, vertical excitations
A related issue is the forced vibrations of the beam. This problem concerns the reaction of the beam resting on the surface of a half-space, with inertial properties due to dynamic, external vertical loads. The case presented is of the action of a beam at point 5 ( fig. 8 ) caused by the vertical harmonic load, where the external, vertical harmonic load is varied according to eq. (20):
where 0 P is the amplitude of excitation; f is the frequency of excitation; t is the time of excitation (
where ip y is the beam deflections at the point i due to the external load p P applied on a beam at a point p . These deflections are determined by the multiplication of the moment diagrams due to the external loads p P . The solution of the system (1) for the forced oscillations gives the unknowns i X values varying with the time of excitation. Unknowns i X represent reactive efforts in the contact zone. In this case, the value's variability is expressed by eq. (22):
Finally, the beam displacements during the time of excitation t , representing its response, are determined by eq. (23): Figure 12 shows the vertical displacements variability i v of the entirety of the beam resting on the surface of a half-space with inertial properties due to the dynamic external load 5 P at each moment
Furthermore, the maximum displacement is obtained at the point at which the external excitation is applied; note the sign changes in the beam end displacement due to (i) its considerable length and (ii) the near central load application. . Furthermore the proposed model can also account for radiation damping, but the approach given in this paper does not consider it as the damping phenomena is neglected.
Conclusion
Using a semi-analytic approach, a dynamic analysis of beams resting on the surface of an elastic half-space with both distributive properties and inertial properties was conducted to determine the Eigenfrequencies, the natural shapes, the beam response to external dynamic loads, and the internal forces in the beam sections. Determination of the reactive forces in the contact zone representing the interaction phenomena between beam and half-space surface is necessary to find others physical magnitudes. For this purpose, it is imperative to study Green's function defining the displacements of the contact zone (i.e. contact problem phenomena). This function represents substantial challenges, when the inertia of an elastic half-space is considered (Lamb's problem). The proposed relationships successfully overcome the instability problem caused by the hypergeometric functions, which has represented a great challenge to the study of the ondulatory phenomenon of the displacements associated with this problem. Additionally, the obtained solution is semi-analytical and can, therefore, be readily computed to be more compatible with engineering applications than previous approaches and can effectively be used as an approximation function in different numerical methods to handle more complicated problems of wave propagation in dynamics. As such, this work represents a fundamental advance in the solving of more complicated dynamics problems. As verification, the calculated results compared satisfactorily to the same beam resting on the surface of an elastic half-space with distributive properties (Boussinesq's problem). X1(t) X2(t) X3(t) X4(t) X5(t) X6(t) X7(t) X8(t) X9(t) X10(t) 
